We investigate instabilities and chaos near the onset of Rayleigh-Bénard convection (RBC) of electrically conducting fluids with free-slip, perfectly electrically and thermally conducting boundary conditions in presence of uniform rotation about vertical axis and horizontal external magnetic field by considering zero Prandtl-number limit of convection is found be either periodic or chaotic. Interestingly, it is found that chaos at the onset can occur through four different routes namely homoclinic, intermittency, period doubling and quasi-periodic routes. Homoclinic and intermittent routes to chaos at the onset occur in presence of weak magnetic field (Q < 2), while period doubling route is observed for relatively stronger magnetic field (Q ≥ 2) for one set of initial conditions. On the other hand, quasiperiodic route to chaos at the onset is observed for another set of initial conditions. However, the rotation rate (value of Ta) also plays an important role in determining the nature of convection at the onset. Analysis of the system simultaneously with DNS and low dimensional modeling helps to clearly identify different flow regimes concentrated near the onset of convection and understand their origins. The periodic or chaotic convection at the onset is found to be connected with rich bifurcation structures involving subcritical pitchfork, imperfect pitchfork, supercritical Hopf, imperfect homoclinic gluing and Neimark-Sacker bifurcations.
I. INTRODUCTION
Convection is known to play an important role in the dynamics of many natural as well as technological systems. Some examples of convective system include oceans 1 , atmosphere 2 , geophysical 3,4 and astrophysical 5 systems besides the technological systems like metal production 6 and crystal growth 7 . Understanding different convective phenomena in these systems is of utmost importance and researchers consider a simplified version of convection called Rayleigh-Bénard convection (RBC) for this purpose. RBC in its simplest form consists of a layer of fluid kept between two infinite, horizontal, conducting plates and heated from below [8] [9] [10] . Two dimensionless parameters namely the Rayleigh-number (Ra, vigor of buoyancy) and the Prandtl-number (Pr, ratio of thermal diffusion and viscous relaxation time scales) appear in the mathematical description of RBC. RBC provides a paradigmatic model to investigate several aspects of convection including instabilities, pattern formation, bifurcations, chaos, turbulence and many more for different ranges of values of Ra and Pr [8] [9] [10] [11] . Over the years, extensive studies on RBC has not only improved the understanding of the basic physics of convection but also enriched the theory of hydrodynamic stability 8, 12 , pattern formation 9,13,14 and spatio temporal chaos 9,15 .
Chandrasekhar 8 theoretically investigated the problem of the onset of RBC with freeslip and rigid boundary conditions. Performing linear analysis, he found that at the onset of RBC, principle of exchange of stabilities is valid and stationary cellular convection is prevalent. He analytically determined the critical values of the Rayleigh number and wave number at the onset of RBC which are independent of the Prandtl number. However, stability of the patterns at the onset of convection can not be determined from the linear analysis. Later, Schlüter et al. 16 theoretically established through nonlinear analysis that stable pattern at the onset of convection is straight two dimensional (2D) rolls. The stability regime of these 2D-rolls above the onset of convection in the Ra − k (wavenumber)-space as a function of Pr i.e. the so called 'Busse balloon' has been determined by Busse and his collaborators 11, 17, 18 . RBC experiments performed with silicon oil (large Pr) and gases (small Pr) are found to agree well with 'Busse balloon' [19] [20] [21] . Numerous theoretical, numerical and experimental works performed with RBC model have investigated convection related issues including heat transfer, pattern formation and turbulence(for a detailed review please see [9] [10] [11] ). It is evident from the computation of 'Busse balloon' that Prandtl number has important role in determining secondary and higher order instabilities. In fact, as the value of the Prandtl number decreases, secondary and higher order instabilities approach towards the primary one and a rich dynamics is expected very close to the onset of convection [22] [23] [24] [25] [26] .
The theoretical as well as numerical investigations performed in [27] [28] [29] [30] [31] [32] [33] for low Prandtl number fluids have revealed expected rich bifurcation structure within few percent above the onset of convection.
Researchers also carried out investigations of convective phenomena using RBC model in presence of rotation or/and magnetic field in order to mimic geophysical and astrophysical situations more closely 8, [34] [35] [36] . Mathematical description of RBC needs three more dimensionless parameters apart from Ra and Pr in this case, namely the Taylor number (Ta, strength of the Coriolis force), the Chandrasekhar number (Q, strength of the Lorenz force) and the magnetic Prandtl-number (Pm, ratio of magnetic diffusion time scale and viscous relaxation time scale). Interestingly, it has been discovered through theoretical 8 and experimental 37, 38 investigations that both rotation and magnetic field, acting separately, inhibit the onset of instability and elongate the rolls which appear at marginal stability when the magnetic field is applied in the vertical direction 8 . Horizontal magnetic field in absence of rotation, on the other hand does not change the primary instability but significantly influence the higher order instabilities 8 . studied RMC in the presence of horizontal magnetic field and rotation using linear theory for various boundary conditions and determined preferred mode of convection in each case.
The effects of rotation and external magnetic field on the instabilities and bifurcation structures near the onset of convection when acted separately have recently been investigated in [55] [56] [57] [58] [59] [60] [61] [62] and reported very rich dynamics including chaos at the onset of convection. However, instabilities and the associated bifurcation structures near the onset of RBC of electrically conducting fluids in presence of both rotation and uniform external magnetic field have not been studied so far. In this paper, we explore this issue in electrically conducting fluids by simultaneous performance of direct numerical simulations and low dimensional modeling with free-slip perfectly electrically and thermally conducting boundaries. For simplicity, we consider the limits Pm, Pr → 0 and vary the values of Q and Ta in the range 0 < Q, Ta ≤ 50.
Our investigation reveals a rich dynamics near the onset of convection including periodic and chaotic ones at the onset of convection. Origin of chaos and periodic solutions are analyzed in detail using a low dimensional model derived from the DNS data.
II. ROTATING HYDROMAGNETIC SYSTEM
The hydromagnetic system considered here consists of a thin layer of electrically conduct- 
where
is the induced magnetic field, θ(x, y, z, t) is the deviation in temperature field from the steady conduction profile, g the acceleration due to gravity, and βd = ∆T = T l − T u is the temperature difference across the fluid layer and the unit vectorê 3 is directed vertically upward. Nondimensionalization of the hydrodynamic system is done using the units In this paper, we are interested to investigate instabilities and bifurcations in electrically conducting low Prandtl number fluid convection (Pr ≈ 10 −2 ) for which the magnetic Prandtl number is also very low (Pm ≈ 10 −5 ). The governing equations (1) - (4) of the system involve four nonlinear terms and it is difficult to deal with them in low Prandtl number regime due to critical slowing down. Therefore, for simplicity here we simultaneously consider Pr → 0 and Pm → 0. In absence of the magnetic field, Pr → 0 limit has already been considered 24, 25, 28, 58 and the reduced equations revealed significant properties of low Prandtl number convection 24, 26 . In this limit, the equations (1), (2) and (3) reduces to
The top and bottom plates are assumed to be stress-free and perfectly thermally conducting which imply
Periodic boundary conditions are assumed in the horizontal directions. The perfectly electrically conducting horizontal boundaries give
Therefore, the mathematical model of the system under consideration consists of the equations (5) and (6) together with the boundary conditions (7) and (8) . In the next section we discuss briefly about the linear stability analysis for the onset of convection and compare it with the direct numerical simulation results.
III. LINEAR STABILITY ANALYSIS AND COMPARISON WITH DNS
We perform linear stability analysis of the conduction state to determine the onset of convection using normal mode analysis following Chandrasekhar 8 . In which, we only consider the linearised system and express an arbitrary disturbance as a superposition of certain basic possible modes and examine the stability of the system with respect to each of these modes.
The linearised system in our case is given by:
Taking curl of the equation (9) and considering the vertical component we get,
where, ω 3 is the vertical component of vorticity. Taking curl twice of the equation (9) we get the following equation
for the vertical velocity, where
2 is horizontal laplacian. Eliminating θ and ω 3 from (12) using (10) and (11), we get
where D y ≡ ∂ y and D ≡ ∂ z . We consider the expansion of vertical velocity in normal modes as
where, k x and k y are the wave numbers along x and y direction respectively and k = k 2 x + k 2 y is the horizontal wave number. Inserting equation (14) in equation (13) , and choosing a trial solution W (z) = Asin(πz), which is compatible with our boundary conditions, we arrived at the following stability condition:
A. Stationary convection
For stationary convection we set σ = 0 in equation (15) to get
Therefore, the Rayleigh number Ra(Ta, Q) is given by
We now numerically find the minimum values of Ra which is the critical Rayleigh number (Ra c ) for the onset of convection as a function of Ta and Q together with the corresponding critical wave number k c = k 2 x + k 2 y . In the ranges of Ta and Q considered in this paper, we find that Ra c is independent of Q and k c is a function of k x only. So at the onset of convection, 2D rolls start to grow linearly.
To verify the linear theory results for the onset of convection, we simulate the equations (5)-(6) together with the boundary conditions (7)-(8) using a pseudo-spectral code 63 .
The equation (6) shows that convective temperature and induced magnetic fields are slaved to velocity fields. In the simulation code, vertical velocity and vorticity are expanded as
where l, m, n can take non-negative integer values. Horizontal velocity and vorticity compo- Note that the values of Ra c and k c are found to be independent of Q in the considered range of values of Q in this paper.
B. Oscillatory convection
To determine the conditions for the onset of convection in the form of oscillatory motion (overstability) we put σ = iω 1 in (15) and obtain
Comparing real and imaginary parts of (19) we get the expressions for Ra and ω 1 as
and
We then numerically find from equations (20) and (21) that overstability occurs at the onset of convection when Ta ≥ 548 for all values of Q. Interestingly, we note that the minimum value of Ta required for overstable oscillatory convection at the onset does not depend on Q and it is same as the one obtained by Chandrasekhar in absence of magnetic field (Q = 0) 8 .
In the subsequent analysis, we consider Ta < 100 and hence the discussion only corresponds to stationary convection at the onset. Now to investigate the bifurcation structure near the onset of convection and understand the origin of different solutions as a function of parameters, we perform extensive DNS in the parameter regime of our interest and also do low dimensional modeling of the system. The details of low dimensional modeling has been described in the next section.
IV. LOW DIMENSIONAL MODELING
For deriving low dimensional models, we first select large scale modes of vertical velocity and vorticity using theoretical argument as well as DNS data. After selecting the modes, the truncated expressions of v 3 and ω 3 are determined. Horizontal components of the velocity v 1 and v 2 are then determined using the equation of continuity for velocity. Projecting the hydrodynamic equations on these modes, we get a set of coupled nonlinear ordinary differential equations which is a low dimensional model for the investigation of the bifurcation structure near the onset of convection.
Here we note that the modes of the form W lm0 in the vertical velocity are not allowed by the boundary condition. Moreover, as argued in 56 , the modes of the form W 00n in the vertical velocity are also not excited as there is no horizontal mean flow. Now from the linearized equation (12) it is seen that the linear growth rate of the vertical velocity mode W 101 will first become positive as the value of Ra is increased from conduction state and hence this mode must be excited at the onset. Physically this mode represents a 2D rolls pattern along y-axis and it is linearly growing. At this stage we assume that the linear growth of the 2D roll mode along y-axis is stopped either by transferring energy to the 2D roll mode in the direction of x-axis or to the wavy roll mode in the direction of y-axis. 
Therefore, the low dimensional model we use for the study is 27 dimensional. It is interesting to point out here that the contribution of these selected modes to the total energy is above 90% in the entire region of the parameter space. Moreover, the selection of modes by energy analysis of the DNS data as has been done in 33 give similar set of modes for the low dimensional model. The low dimensional models are computationally cheap in terms of computer time. Moreover, from the low dimensional model we can compute the unstable solutions along with stable solutions which helps in understanding the origin of different solutions. On the other hand, DNS always gives the stable solutions.
V. RESULTS AND DISCUSSIONS
We perform bifurcation analysis of the 27 dimensional model using the MATCONT In the next subsections, we discuss the bifurcation structures near the onset of convection in simultaneous presence of rotation and magnetic field. shows a saddle node (SN) bifurcation at r = 1.1557 as the value of r is increased and meets with a stable CR ′ branch (solid black curve) there. As the value of r is now decreased, the stable CR ′ branch undergoes a supercritical Hopf bifurcation at r = 1.137, a stable limit cycle is generated. The CR ′ branch becomes unstable and continue to exist till very low values of the reduced Rayleigh number (dashed black curve). symmetry of the problem. In absence of magnetic field (Q = 0), stable CR and CR ′ branches would meet at a supercritical pitchfork bifurcation point 28, 30, 58 . Comparing the magnetic and non-magnetic cases we understand that the dashed cyan curves are the reminiscence of the square saddle which would exist when Q = 0 and we denote it by SQR.
As mentioned earlier that CR and CR ′ branches undergo supercritical Hopf bifurcations at r = 1.142 and r = 1.137 respectively and stable limit cycles are generated. The limit cycles generated via Hopf bifurcation of the CR and CR ′ branches show oscillatory cross rolls patterns oriented along y-axis (see figure 3 ) and x-axis (see figure 4) respectively. We denote these solutions respectively by OCR-II and OCR-II ′ (solid red and pink curves in the figure 2). Note that OCR-II and OCR-II ′ solutions are not connected by the symmetry of the problem but exist independently. As the value of r is reduced further, OCR-II ′ limit cycle becomes homoclinic to SQR saddle at r = 1.1248 and ceased to exist. While the OCR-II limit cycle continues to exist and it becomes homoclinic to the SQR saddle at r = 1.11.
Immediately after this homoclinic bifurcation, subsequent reduction of the value of the reduced Rayleigh number shows asymmetric glued limit cycles which continue to exist till r = 1. This is an example of imperfect gluing bifurcation which has been reported earlier in electronic circuit 68 , dynamically complicated extended flow 69 and Taylor-Couette flow 70 .
Physically glued limit cycles represent periodic oscillation of rolls (cross rolls) patterns ori- respectively. OCR-II ′ limit cycle then becomes homoclinic to the SQR saddle at r = 1.133 but the OCR-II branch never becomes homoclinic to it although it comes very close to the SQR saddle. However, asymmetric glued solutions (OCR-I) are found to co-exist with the OCR-II solutions in a range of r around 1.05. OCR-I is then becomes homoclinic to the SQR saddle and homoclinic chaos is observed at the onset. here is of type-III. The bifurcation diagram shown in figure 12 shows the chaotic solutions appearing though intermittency with brown dots. If the value of Ta is increased a bit (Ta ∼ 30), part of the bifurcation structure associated with CR ′ is suppressed and only OCR-II type solutions are observed at the onset of convection. This scenario is maintained till Ta = 50. Table III C. Bifurcation structure for Q ≥ 2
For Q ≥ 2, as the value of Ta is varied in the range 0 < Ta ≤ 50 at the onset either oscillatory cross rolls or chaotic solutions are observed but gluing bifurcation is not observed.
For lower values of Ta, only periodic oscillatory convection is found to occur at the onset.
On the other hand chaotic solutions are found to appear at the onset for higher values of Ta and interestingly the routes to chaos at the onset is period doubling in this case. Figure 13 
D. Convective heat flux
Changes in global quantity like Nusselt-number (Nu) is often considered as the characterization of convective system, which is the ratio of total heat flux (conductive and convective) to conductive heat flux. For the low Prandtl-number fluid convection the expression for Nusselt number is given by
where · denotes the volume average. Now, in the limit Pr → 0, Nu becomes 1. Physically this implies, mean profile of temperature in the layer is equivalent to conductive profile 24 .
However, v 3 θ is an interesting quantity (gives convective heat flux 71 ) to measure in the limit Pr → 0. So here we have computed the quantity v 3 θ from direct numerical simulation data. Table V 
E. Oscillatory instability of 2D rolls
While performing DNS of the system using random initial conditions, we identify another class of initial conditions for which we observe chaotic as well as periodic solutions for which Orange, yellow and red curves denote conduction state, steady 2D rolls along y-axis and periodic wavy rolls respectively. Brown and green dots are showing quasiperiodic and chaotic wavy rolls.
A Hopf bifurcation at r = 0.99 on the unstable 2D rolls branch is shown with filled red circle.
An unstable limit cycle generates from there, which becomes stable via inverse Neimark-Sacker bifurcation at r = 1.147. As a result quasiperiodic and chaotic solutions are observed for lower values of r.
the 2D rolls solutions. DNS results show close agreement with the model results in this case also.
VI. CONCLUSIONS
In this paper we have investigated the bifurcation structure in zero Prandtl-number RMC by performing detailed direct numerical simulations. The range of Taylor number and Chandrasekhar number investigated in this paper are 0 < Ta ≤ 50 and 0 < Q ≤ 50. Interestingly we observe both time periodic and chaotic convection at the onset. The origin of periodic as well as chaotic convecting solutions at the onset of convection is understood clearly from the 
